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A B S T R A C T  

The inverse spectral problem is concerned with the question to what 
extent the spectrum of a domain determines its geometry. We find that, 
associated to a convex domain ft in ~2, there is a convex function which 
is a length spectrum invariant under continuous deformations. It includes 
several geometric quantities, such as the lengths and Lazutkin parameters 
of caustics, as well as the asymptotic invariants discovered by Marvizi and 
Melrose. Via a Poisson relation, we also find invariants determined by 
the Laplace spectrum of ft. 

1. I n t r o d u c t i o n  

Suppose  ft C IR 2 is a s t r ic t ly  convex domain  with  smoo th  b o u n d a r y  Oft. T h e  

marked  length  s p e c t r u m  Ad£( f t )  is the  funct ion t ha t  associa tes  to each ra t iona l  

number  m / n  the  max ima l  length  of closed geodesics in 12 having ro t a t i on  n u m b e r  

m / n .  By geodesic we mean  a b i l l iard  t ra jec tory ,  in o ther  words,  the  t r a j e c to ry ' o f  

a par t i c le  t h a t  moves freely inside ft and  gets  reflected a t  Oft. The  inverse spec t ra l  

p rob lem for Ad£( f t )  is concerned with  the  quest ion how much in format ion  a b o u t  

the  geome t ry  of ft is encoded  in the  marked  length  spec t rum.  

One way to s tudy  this  p rob lem is to  cons t ruc t  marked  length  s p e c t r u m  invari-  

an t s  (MLS-invar iants ) .  These  are  geometr ic  quant i t ies  which are  the  same for 

convex domains  wi th  the  same marked  length  spec t rum.  Difficulties m a y  arise 
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in a twofold way: to prove that  a certain geometric quantity is a MLS-invariant, 

or to give a geometric meaning to some given MLS-invariant. There are several 

different definitions of MLS-invariants [MM, Am2, Po] whose mutual relation has 

not been clear. 

The main objective of this paper is to establish a link between the inverse 

spectral problem for JML:(~) and what is known as Aubry-Mather  theory in 

dynamical  systems, where one investigates action-minimizing orbits of monotone 

twist mappings. I t  is a simple, but fruitful, observation that  the marked length 

spectrum ~4L:(~) appears in the so-called mean minimal action functional (~ from 

Aubry-Mather  theory. In fact, this theory provides a framework that  comprises 

all MLS-invariants at once, and enables one to apply general results about  a in the 

inverse spectral problem. Once this link is made, the fact that  certain quantities 

are MLS-invariants becomes almost tautological. Moreover, several geometric 

parameters  of ~ - - s u c h  as its diameter, its boundary length, and parameters  of 

convex caust ics--are  hidden in the mean minimal action. 

Let us be more precise. The mean minimal action, associated to ~,  is a strictly 

convex function 

a: [0, 1] -+ R 

with convex conjugate 

~*: [-1,  1] -+ R. 

A convex caustic ¢ is a closed convex Cl-curve in ~ with the property that  every 

trajectory tangent to c stays tangent after each reflection. The existence of a 

Cantor set of convex caustics near 0R was proven by Lazutkin using KAM-theory 

[La]. Among our results are the following: 

• c~ is smooth on a Cantor set containing the boundary points 0 and 1 

(Theorem 4.1). The same holds true for (c~*) 2/3 with boundary points 

- 1  and 1. 

• If ¢ is a convex caustic, then - cd  is the length of ¢, and a* its Lazutkin 

parameter  (Theorem 4.3). 

• The disk is characterized by the property that  the corresponding mean 

minimal action is differentiable (Theorem 4.6). 

• The countably many MLS-invariants ("integral invaxiants") by Marvizi 

and Melrose [mm] are algebraically equivalent to the Taylor coefficients 

of (~.)2/3 at - 1 .  

We have tried to keep our exposition as simple as possible. Therefore, Sec- 

tions 2 and 3 contain concise reviews of the relevant definitions and facts concern- 

ing convex billiards and Aubry-Mather  theory. The reader already familiar with 
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these topics can go directly to Section 4; this is the main section of the paper  and 

explains, among others, the results mentioned above. Finally, Section 5 recalls 

a well-known relation between the length spectrum and the Dirichlet spectrum 

and shows that,  under a certain noncoincidence assumption on ft, the Taylor 

coefficients of a at 0 are completely determined by the Dirichlet spectrum. 
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2. C o n v e x  b i l l i a rds  

Suppose we are given a smooth (i.e. C a )  strictly convex domain ~t in ~2. We 

will always assume that  the length of its boundary 01) is normalized to 1: 

Off -- S ~ ~ l¢/Z. 

A closed geodesic in fl is a broken geodesic in II( 2 that  is reflected when it hits 

the boundary, according to the law "angle of reflection = angle of incidence". 

The natural  question arises whether there exist closed geodesics at all. In order 

to distinguish topologically different closed geodesics, we associate to each such 

geodesic its r o t a t i o n  n u m b e r  

m winding number ( 1] 
- -  z 

n number of reflections E 0, . 

The winding number  m >__ 1 is defined as follows. We fix the positive orientation 

of 0f~ and pick any corner point of the closed geodesic on 0f~. Then we follow the 

geodesic and measure how many times (with respect to the chosen orientation) 

we go around 0f~, until we come back to the starting point. Note that  we restrict 

ourselves to rotation numbers less than or equal to ½, since a closed geodesic with 

rotation number  co can be seen as one with rotation number 1 - co, traversed in 

the backward direction. 

0 1 THEOREM 2.1 (Birkhoff): For every m / n  • ( , ~] in lowest terms, there exists 

a closed geodesic having rotation number  m/n  which, in addition, maximizes the 

length amongst M1 inscribed n-gons in f~ with winding number  m. 
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In order to understand the proof, we reformulate the problem. A broken 

geodesic in f~ is completely determined by its reflection points, together with 

the angles of reflection. The map 

¢: S 1 × (0, ~) -+ S* × (0, ~),  

(S0,~)0) ~ (S l ,~ ) l ) ,  

that  associates to a pair (s,~b)=(arclength on 0fl, angle with the positive 

tangent) the corresponding data at the next reflection, is called the b i l l i a rd  

m a p  associated to ft. Let us denote by 

h(s, s') = - [P(s )  - P(s')l 

the negative Euclidean distance between two points on 0~t. Elementary geometry 

shows that  

01h(s0,sl)  = cos¢0 and c92h(so, s1) = - cos¢1 

where 0i stands for the partial derivative with respect to the i-th variable. In 

other words, in new coordinates 

(5, y) = (s, - cos ¢ )  

we have 

(1) Yl dxl - Yo dxo = dh(xo, Xl).  

This means that  ¢ is exact symplectic on S 1 × ( -1 ,  1) with generating function 

h being the negative Euclidean distance. 

Sketch of the proof of Theorem 2.1: Consider the length functional 

n- -1  

H ( s o , . . . ,  sn) = ~ IP(si) - P(si+l)l 
i=0 

on the set of ordered (n + 1)-tuples with So <_ sl _ " "  <_ sn = so + m. Such 

tuples parametrize all inscribed n-gons with vertices P(s0), • . . ,  P(s,~-l),  P(s,~) = 

P(so) C Of~. They form a compact set, so the continuous function H has a 

maximum. We want to show that  it does not lie on the boundary, which consists 

of degenerate n-gons with less than n vertices. 

A critical point of H corresponds to a tuple such that  

(2) Olh(X~, X~+l) + 02h(x~-l, x~) = O. 
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Hence it gives an orbit (xi, Yi) of the billiard map, where the Yi are determined 

by (1). But, since adding a vertex to a polygon in ~t will increase its perimeter, 

the above maximum cannot be represented by a degenerate n-gon. | 

In fact, Theorem 2.1 is only the easy part of Birkhoff's theorem which 

guarantees the existence of at least two closed geodesics with rotation number 

m/n; the second one corresponds to a saddle point of the length functional. A 

proof can be found, for instance, in [KH, Sect. 9.3]. 

Theorem 2.1 allows one to define the m a r k e d  l e n g t h  s p e c t r u m  of Q as the 

map 

Q n (0, ½1 

that associates to any m / n  in lowest terms the maximal length of closed geodesics 

having n vertices and winding number m. In contrast, the l e n g t h  s p e c t r u m  of 

is the set 

/:(~t) = N.  {lengths of closed geodesics in f~} U N. 

It contains information about all closed geodesics, albeit in an "unformatted" 

form. The marked length spectrum, as a function, does give the labelling by the 

rotation number, but only for the closed geodesics of maximal length. 

In general, it is not clear to what extent the marked length spectrum is 

determined by the length spectrum. For continuous deformations, however, one 

has the following result. 

PROPOSITION 2.2: Suppose f~s is a continuous family of strictly convex domains 

such that f-.(f~s) = f~(f~o) for all s. Then ME(f~s) = ME(f~o) for all s. 

Sketch of proof: We have seen above that  closed geodesics correspond to crit- 

ical points of the length functional. Hence, by Sard's Theorem, /:(~ts) C lI~ has 

Lebesgue measure zero. The marked length spectra of ~s are functions, continu- 

ously varying with s, with values in a set of Lebesgue measure zero--hence they 

cannot depend on s. | 

One way of investigating the (marked) length spectrum is to look for length 

spectrum invariants (LS- invar iants ) ,  respectively, for marked length spectrum 

invariants (MLS- invar i an t s ) .  In particular, one would like to find such invari- 

ants that  carry some geometric information about the domain ~t. 

COROLLARY 2.3: For continuous deformations of strictly convex domains, MLS- 

invariants are also LS-invariants. | 



In other  words, if a certain quant i ty  stays invariant under  deformat ions  wi th  

.£4L:(gts) = J~AL:(~t0), then  it is also invariant under  deformat ions  wi th  L:(Fts) = 

A c o n v e x  c a u s t i c  is a closed convex Cl -curve  in the interior of ~ with the  

p rope r ty  tha t  a t rajectory,  tha t  is tangent  to it, s tays tangent  after each reflection. 

As an example ,  let us consider the disk: it is foliated by convex caustics which 

are jus t  concentric circles. 

P 
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Figure 1. A convex caustic. 

Given a convex caustic c, one can define the  following parameters :  

1. its ro ta t ion  number  w E (0, ½), defined as the ro ta t ion  number  of the  

circle homeomorph i sm  on c induced by the geodesic flow via  the  points  

of tangency;  

2. its length L(¢); 

3. its L a z u t k i n  p a r a m e t e r  Q(c) = IA - PI ÷ IF - BI - I A~B I, wi th  A, B E c 

and  P E 0f l  as in Figure 1. Here I A B  I denotes the  length of the caus t i c s  

pa r t  f rom A to B, where we have oriented the  caustic according to the  

geodesics touching it. 

If  c is a caustic,  the Lazutkin  pa rame te r  is well defined, i.e., it does not  depend 

on the  point  P E 0 ~  [La, Aml] .  

Are there  always convex caustics in an a rb i t ra ry  convex domain  ~t? To s tudy 

this question,  it is convenient to formulate  it in te rms  of the  billiard m a p  associ- 

a ted  to ~.  Recall t ha t  ¢: (xo,Yo) ~ ( x l , y l )  is an exact  symplect ic  m a p  on the 
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open annulus $1 × (--1, 1). Moreover,  due to the strict  convexity of 12, it satisfies 

the  so-called mono tone  twist  condit ion 

OXl 
- - > 0 .  
Oyo 

Thus,  ¢ is wha t  we call a monotone  twist  map;  see Section 3. We m a y  extend  

¢ to ~1 × [ -1 ,  1] by fixing the boundar ies  pointwise. More precisely, let us lift 

every th ing  to the  universal  cover ~ × [ -1 ,  1], and define 

¢ ( x , - 1 )  = ( x , - 1 )  and ¢(x,  1) = (x + 1, 1). 

Th is  reflects the  fact t ha t  s ta r t ing  with an angle of a lmost  zr means  having ro- 

ta t ion  number  a lmost  1. The  extended billiard m a p  is a smooth  a rea -p rese rv ing  

di f feomorphism on IR × ( - 1 ,  1), but  only a homeomorph i sm  on ]~ × [ -1 ,  1]. 

To a convex caust ic  in ~ corresponds a r o t a t i o n a l  i n v a r i a n t  c u r v e  for the 

billiard map ,  i.e. a s imply  closed, homotopical ly  nontr ivial  curve F in S 1 x ( - 1 ,  1) 

with ¢(F)  = F. T h e  converse, however, is not entirely true. By a classical t heo rem 

of Birkhoff  (cf. [Si2] and the references therein),  ro ta t ional  invariant  curves are 

graphs  and therefore  do give rise to caustics; bu t  these caustics need nei ther  be  

convex nor smooth .  Fortunately,  caustics near  the bounda ry  are always smoo th  

convex curves. 

I t  turns  out  tha t ,  in appropr ia te  coordinates,  ¢ is a small  pe r tu rba t ion  of 

an integrable  mono tone  twist  m a p  near  {y = - 1 } .  This  observat ion enabled 

Lazutk in  [La] to app ly  Moser ' s  twist theorem [Mo] and prove the  existence of 

a Can to r  set of ro ta t ional  invariant  curves near  {y -- - 1 } .  We will use a more  

refined version due to Kovachev and Popov [KP, Thm.  2]. 

THEOREM 2.4: There are exact symplectic coordinates (0, I) near {y = - 1 }  ++ 

{ I  = - 1 } ,  such that ¢ :  (0o, Io) ~ (01,/1) is generated by 

S(OO, I1) ---- 0011 q- K ( l l )  3/2 + R(Oo, I1), 

i.e. 
Io = 01S = I1 +01R, 

(3) 01 cO2S = 00 + 3K(I1) l /2K' ( I1)  +02R. 

Here, K e C°~(I~,]~) with K ( - 1 )  = 0, K ' ( - 1 )  > 0, and R • C°~(~2 ,R)  

is 1-periodic in the first variable. Moreover, there exists a Cantor set  C* C 

[ -1 ,  - 1  + e * )  with - 1  C C*, where e* > 0 is some small number, such that R - 0 

on l~ xC* .  

We see t h a t  the  pe r tu rba t ion  t e rm  R vanishes on R x C* with all its derivatives.  

Each curve IRx {I},  I C C*, gives rise to a rota t ional  invariant  curve for the billiard 
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map, on which it is conjugated to the rigid rotation 

(4) (0, I) ~-~ (0 + w, I) 

with w = 3 K ( I ) I / 2 K , ( I ) .  Since these invariant curves lie near the boundary, 

they correspond to a Cantor set of convex caustics near and accumulating at 0~. 

3. A u b r y - M a t h e r  t h e o r y  

This section deals with general monotone twist mappings on an annulus or a 

(half) cylinder. We will not distinguish between mappings on S 1 × (a, b) and lifts 

to ~ ×  (a, b). By definition, a m o n o t o n e  twis t  m a p  is a smooth diffeomorphism 

¢ :  s 1 × (a, b) -~ S' × (a, b), 

(x0,Y0) ~ (xl,Y,i, 
where -cxD < a < b < oo, satisfying the following conditions: 

1. ¢ preserves orientation and the ends of S 1 x (a, b), in the sense that  

y l (xo ,Yo)  ~ a as Yo --+ a. I f a  or b i s  finite, we require that ¢ can be 

extended to a homeomorphism on the closure of S 1 x (a, b), again denoted 

by ¢, such that  ¢(x, a) = (x +w_,  a) and ¢(x, b) = (x +w+, b), respectively. 

2. ¢ is exact symplectic, i.e., there is a generating function h such that  

yl dx l  - Yo dxo = dh(xo, Xl). 

3. ¢ satisfies the monotone twist condition 

OXl 
- - > 0 .  
Oyo 

According to the four possible cases, we call ( -c~ ,  oo), (-c~,w+],  [w_, oo), or 

[w_, w+], the twis t  i n t e rva l  of ¢; abusing notation, we denote it by [w_, w+]. 

Monotone twist mappings are not as artificial as they seem. They are hidden 

in a variety if situations; see [Bal, KH, MF] for examples and further references. 

Example:  We learned in the last section that the billiard map ¢, associated to 

a strictly convex domain ~ in R 2, is a monotone twist map on S 1 x ( -1 ,  1) with 

twist interval 

[w_, w+] = [0, 1]. 

Theorem 2.4 revealed an abundance of rotational invariant curves for ¢ near tim 

two boundary components {y = +1}. On each of these invariant curves near 

{y = -1} ,  ¢ is conjugated to a rotation by some angle w in the Cantor set 

(5)  c : ~[~ K(_O'/~K'U)I r ~ c*'~ ~ [o,~) 
k ~  J 
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containing 0. If we had rotational invariant curves for all rotation numbers 

w E [0, 1], the billiard table ft would necessarily be a disk, due to a recent 

theorem by Bialy [Bi]. Thus we cannot expect "too many" of them. | 

There are, however, always ~invar iant  sets of any prescribed rotation number, 

and these sets resemble rotational invariant curves insofar as they lie on graphs 

over the x-axis. This is, very roughly, the content of a theory, developed inde- 

pendently by Aubry and Mather. The interested reader may read the article by 

Bangert [Bali, or the corresponding chapters in [KH] or [MF]. In this section, we 

will just review certain ideas very briefly and collect the facts we will need later. 

The start ing point for the theory is Theorem 2.1, which shows the existence 

of closed geodesics that  maximize the perimeter. Recall that  maximizing length 

means minimizing the ac t ion ,  defined as the sum of h(xi, xi+l) along the orbit. 

This leads to the following variational principle connected with a generating 

function h. 

An infinite sequence (si)i>_o of real numbers is called m i n i m a l ,  if every finite 

segment ( s k , . . . ,  sk+t) minimizes the action amongst all (1 - k + 1)-tuples with 

the same end points; in other words, if 

k+l-1 k+l-1 
h(8i, si+ 1) ~ ~ h(~i,~i+ 1) 

i=k i=k 

for all (~k,---,~k+l) with ~k = sk and ~k+t = sk+l. An orbit (xi,Yi)i>_o of a 

monotone twist map  ¢ is called minimal, if the sequence (xi)i>_o is minimal, with 

h being a (and hence any) generating function of ¢. 

Meanwhile, we have two notions of minimal i ty-- the  one used in Theorem 2.1 

for minimizing the action among all periodic orbits, and the one above. It  is a 

special feature in dimension 2, that  these two notions coincide. In particular, 

minimal (m, n)-periodic orbits are also minimal (km, kn)-periodic orbits for k _> 

1. Thus, a refined version of Theorem 2.1, with the length argument in tile end 

adapted to the setting of general monotone twist maps, yields the existence of 

minimal periodic orbits of every rational rotation number m/n .  Taking limits 

of such minimal (mj,nj)-periodic orbits of "Birkhoff type", where m j / n j  --+ w 

converges to an irrational, one can prove the existence of minimal orbits (xi, Yi) 

for any given rotation number w = limi_+~(xi/i). 

THEOREM 3.1 (Aubry, Mather): Suppose ¢ is a monotone twist map, and w is 

in its twist interval. Then the set of minimal orbits having rotation number  w is 

non-empty and, moreover, lies on a Lipschitz graph. 
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Besides, perhaps the most direct proof for the existence of orbits of all rotation 

numbers was given by Gol6 [Go]. He considers the gradient flow of the action 

"functional" ~i°°=o h(si ,  si+]), restricted to certain subspaces of sequences with 

rotation number w. In view of (2), rest points of this flow will give true orbits. 

Their  minimality, however, has to be shown separately. 

Since we have minimal orbits of all rotation numbers, we may define the m e a n  

minimal  act ion  

a: [w_ ,w+] -*  IR 

by associating to w the mean action of a minimal orbit (xi, Yi) of rotation number 

w: 
N - 1  

a(w) = lim 1 

i=0 

This is well defined, i.e., the limit exists and does not depend on the particular 

minimal orbit (which is obvious for periodic orbits). 

In the next section, we will need the following properties of the mean minimal 

action. 

P R O P O S I T I O N  3.2: a is a strictly convex function. 

See [Mal, §4] or [Ma3, Sect. 6] for a proof. In particular, a is continuous. 

Concerning its differentiability, we have the following result. 

THEOREM 3.3: Suppose  ¢ is a monotone  twist  map  with w E [w_,w+]. Then  

the following s ta tements  hold: 

1. I f  w is irrational then a is differentiable at w. 

2. I f  there is a rotational invariant curve F~ o f  rotation number  w, then a is 

differentiable at w with al(w) = fc~ y d x .  

Proof: The differentiability properties of a in both parts were proven by Mather 

[Ma2]. If F~ is a rotational invariant curve then each orbit on it has the same 

rotation number w, and is, in fact, a minimal orbit [MF, Thm. 17.4]. The latter 

can also be shown in the more general context of action minimizing measures in 

arbi t rary dimensions, if one uses Moser's result that  every monotone twist map 

can be interpolated by a convex Hamiltonian. Then [Sil, Thm. 2.1] gives fr~ Y dx 

as the derivative of a at w. | 
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4. T h e  m e a n  m i n i m a l  a c t i o n  a n d  M L S - i n v a r i a n t s  

In this section, we will put general results from Aubry-Mather  theory into the 

context of billiard maps. Our emphasis lies on the study of one central object: the 

mean minimal action c~. On the one hand, a can be interpreted as a dynamical 

version of the marked length spectrum and, as such, comprises all possible MLS- 

invariants. Therefore, all MLS-invariants do have a common root. On the other 

hand, we will also see that  a lot of geometric information about  ~t is hidden in 

the function c~. 

Recall from Section 2 that  the billiard map associated to a strictly convex 

domain ~ is generated by h, the negative distance between points on Oft. In 

the language of Aubry Mather theory, minimal orbits correspond to geodesics 

of maximal  length. As before, we assume that  all domains under consideration 

have unit boundary length. 

THEOREM 4.1: The  mean minimal  action for the billiard map associated to a 

strictly convex planar  domain ~ is a complete  MLS-invariant,  i.e., Ad£(ft l )  = 

A4£(f~2) i f  and only i f  a l  = a2. It is a strictly convex function on [0, 1], which 

is smoo th  on a Cantor set containing the points  0 and 1. 

More precisely, the proof shows that  a ,  restricted to that  Cantor set near 0, 

can be extended to a smooth, odd function on 1R. 

Proof: The first assertion follows from the continuity of a and the fact that  

a ( m / n )  = - ~ . A 4 E ( f ~ ) ( m / n )  for every m / n  C (0, ½] in lowest terms. The strict 

convexity is contained in Proposition 3.2. For the last part,  consider the convex 

conjugate function 

c~*: [ -1 ,  1] --+ IR 

defined by 

c~*(I) = max [wI - ~(w)]. 
O2 

By standard results in convex analysis [MW, Ch. 2], c~* is a Cl-function; 

moreover, if c~ is differentiable at w, we have 

(~*) '(~'(w)) = w. 

Hence, in view of (4), 0oll +c~*(I1) generates ¢ :  (0o, I0) ~-~ (01,11) on the Cantor 

set ]R x C* of invariant curves, accumulating at IR x {-1} .  Besides, this explains 

the domain of definition for c~* given above. 

We also know from Theorem 2.4 that  ¢ is generated by S = 0oi1 + K( I1 )  a/2 + 

R(Oo, 11), where K is smooth and R vanishes with all its derivatives on IR x C*. 
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Since a * ( - 1 )  = 0 = K ( - 1 ) ,  we must have tha t  

(6) a* (I) = K(I )  3/2 

for all I C C*. The  smooth  function K can be wri t ten as 

(7) K( I )  = K' ( - -1)  • ( I  + 1) + O((I  + 1) 2) 

with K ' ( - 1 )  > 0. Combining (6) and (7), we obtain that  

ol(w) = alw + a3 w3 + O(w 5) 

is smooth  on the Cantor  set C containing 0. Hence it can be extended to an odd 

smooth  function on ll~. 

By symmetry,  analogous s ta tements  hold near I = 1 respectively w = 1. | 

Surprisingly, it seems tha t  the concavity of the function -~ ~ ~ 2VI ( ) ( ~ ) ,  

as well as the  smoothness  proper ty  of AAL:(~2), do not appear  in the l i terature.  

COROLLARY 4.2: For continuous deformations of strictly convex domains, a is 

an LS-invariant function on [0, 1], which is smooth on a Cantor set containing 

the points 0 and 1. 

Proof: Immedia te  from Corollary 2.3. | 

By way of illustration, let us calculate the simplest example. 

Example: Take ~ to be the disk of perimeter  1 in R 2. The  billiard map is given 

by (sl ,  ¢ I )  = (so + ¢0/7r, ~b0) with generating function 

1 
h(s, s') = - -  sinTr(s - s'). 

7F 

The  whole phase space is foliated by rotat ional  invariant curves {y = const.}, 

and the mean minimal action is just  

1 
a(w) = - -  sin 7rw. 

7F 

In view of the identi ty sin a r ccos ( -x )  = x/1 - x  2, its convex conjugate is 

a*(I) = _1 \ ( a r cc° s ( - I )  • I + lv/i-=T- / ~) ~ [0,1] 
7F 

for I C [--1, 1]; see Figure 2. The  asymptot ics  for 0a -+ 0 and I ~ - 1 ,  respectively: 

are as follows: 
71.2 71-4 

~ ( ~ )  : - ~  + T ~  3 - 1 - - ~  ~ + O ( J ) ,  

( 2  1 I 3 1) 7/2 ) + O ( ( I  1)9D). a* ( I )  = TV~ ( I  + 1) 3/2 + ~-~( + 1) 5/2 + ~ - ~ ( I  + + 



Vol. 113, 1999 INVERSE SPECTRAL PROBLEM FOR PLANAR CONVEX DOMAINS 297 

Note tha t  a is an odd smooth  function on I~. a* has a singularity of order _3 2 
at I = - 1  so tha t  the function K = (a*) 2/3 from (6) is smooth.  | 

0 
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0.4 

-1 -0.5 o '  0:5 i 

(a) The mean minimal action a (b) Its convex conjugate a* 

Figure 2. The circular billiard. 

In the following, we consider relations between the geometric parameters  of 

convex caustics and analytical quantities of the mean minimal action. The  next 

theorem gives a concrete geometric interpretat ion for the derivative and the 

convex conjugate.  

THEOt~EM 4.3: Suppose c~ is a convex caustic of rotation number ca. Then 
the length of c~ and its Lazutkin parameter are given by L(c~) = -a'(w) and 
Q (¢~) = a* ( a '  (w)), respectively. 

Proof." Call T(s) and N(s) the unit  tangent  vector and unit  inward normal,  

respectively, at  a point  P(s) e 0fl,  and set U(s) = cos¢(s)T(s) + sin¢(s)N(s); 
here, ¢ ( s )  E (0, r / 2 )  is the unique angle such tha t  the ray from P(s) having 

direction U(s) touches ¢~. Then  there is a smooth  function T(S) such tha t  

A(s) = P(s) + T(S)U(s) e ¢~ 

and 

ft(s) = T(s) + ~r(s)V(s) + T(S)(f(S) 11 U(s). 

Since i i (s)  ~ 0, we can write 

IA(s)l = (A(s), V(s)) = c o s ¢ ( s ) +  
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so that  

1 1 J Fw 

by Theorem 3.3. 

By definition of the Lazutkin parameter (see Figure 1), we have for N >_ 1 

N N + I  

(N + 1)Q(¢~o) = IA1 - PI] + ~ ]Pi - Pi+]l + IPN+] - BN+]I -- ~ I A~Bi I. 
i = 1  i = 1  

Hence 
N N 1 1 

Q ( ¢ ~ ) :  lim ~ - ~ [ P i - P i + l [ -  lim 
i = 1  i = 1  

= - a ( w )  - wL(c~) 

- _  - 

= , ,  

As a corollary, we obtain the main result in [Po]. Note, however, that the two 

components of the vector valued function in Corollary 4.4 are not independent. 

COROLLARY 4.4: The function a; ~ (L(c~), Q(c~)), defined on a Cantor set in 

[0, 1] containing 0 and 1, is an MLS-invariant, respectively, an LS-invariant under 

continuous deformations. | 

In view of Theorem 4.3, one might call - a '  and a* the generalized "length" 

and "Lazutkin parameter", even if there is no convex caustic of the corresponding 

rotation number. 

Theorem 4.3 also implies a functional dependence of L(¢) and Q(c). 

COROLLARY 4.5: There is a formal power series expansion 

L = 1 ÷ Z b k Q 2 W 3  

k>_A 

as Q --~ O, whose coefficients are MLS-invariants. 

Proof: L(c~) -- - a ' (w)  and Q(c~) 2/3 = a*(a'(w)) 2/3 = K(a'(w))  are smooth 

functions on C with K ' ( - 1 )  > 0. The claim follows from the implicit function 

theorem. 1 

Corollary 4.5 was first stated explicitly in [Am2, (3.1)]. It follows, however, 

already from formulae obtained by Lazutkin, namely (1.11) and (1.12) in [La], 

where he expresses the length and his parameter in terms of the rotation number. 
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Given a convex caustic c, one can reconstruct 0~  by wrapping a string of length 

L(c) + Q(c) around c, pulling it tight, and going along c. These "string length 

parameters" of convex caustics are, of course, also MLS invariants of the domain 

f~. 

An old conjecture, usually at tr ibuted to Birkhoff, states that  the only inte- 

grable billiards are ellipses.* We have the following weaker rigidity result, which 

shows once more how analytical properties of a can translate into geometric 

properties of f~. 

THEOREM 4.6: Suppose  f~ C ~2 is a strictly convex domain, whose mean mini- 

ma• action ~ is differentiable everywhere. Then  ft is a disk. 

Proof: According to [Ma2], the differentiability of a at a rational is equivalent 

to the existence of a rotational invariant curve consisting of minimal periodic 

orbits. Taking limits of these curves, we obtain rotational invariant curves for all 

rotation numbers. 

We claim that  they foliate the phase space. Indeed, if there was a gap, its 

boundary curves would necessarily have the same rotation number (otherwise, 

there would be rotation numbers without invariant curves). But this is impossi- 

ble, due to the graph property of the set of minimal orbits in Theorem 3.1. 

Now the theorem follows from Bialy's result [Bi] that  the only billiard, whose 

phase space is foliated by rotational invariant curves, is a circular one. | 

COROLLARY 4.7: Suppose  ~s is a continuous deformation of  strictly convex 

domains, such that  £ ( ~ s )  = E(f~o) and rio is a disk. Then  fls is a disk for 

all s. 

Proof'. In view of Corollary 4.2, as does not depend on s; in particular, as  is 

differentiable everywhere because s0 is. | 

This result has an analogue in differential geometry [Ba2, Thm. 6.1]: a 

Riemannian 2-torus, having the same marked length spectrum as a flat torus, 

is flat. 

Let us now turn to the integral invariants by Marvizi and Melrose [MM] men- 

tioned in the introduction, and see how they fit into this framework. By def- 

inition, an interpolating Hamiltonian is a smooth function ~ on S 1 x [ -1 ,  1], 

whose t ime -~ l / 2 -m ap  is the billiard map, up to a diffeomorphism that  fixes the 

* Recently, Amiran [Am3] has proposed a proof of this, but I have not checked the 
details. 
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boundary to infinite order. The integral invariants are then defined as the Taylor 

coefficients of 
1 

J(r )  = ~,(~_l(r)) 

at r = 0 for any interpolating Hamiltonian ~ in action-angle-variables. From 

(3) and (6), we obtain that  (3)2 /~K(I )  = (3 ~,( i))2/3 is such an interpolating 

Hamiltonian, at least on a Cantor set containing the boundary. Hence the integral 

invariants are algebraically equivalent to the Taylor coefficients of (c~*) 2/3. By 

Theorem 4.1, they are MLS-invariants. 

In order to prove the asymptotic formula from [MM] for the lengths of closed 

geodesics, we consider a closed geodesic gmn of rotation number m / n .  Its length 

is given by 

(8) l (gmn) = -- E h. 
gn,~n 

We want to rewrite this in (0, I)-coordinates and relate it to the generating 

function S(00, I1) from Theorem 2.4. We have the following transformations: 

• : ( O , I ) ~ ( x , y )  w i t h ~ * ( y d x ) - I d 0 - - d H ,  

61 d l l  + Io d6o = dS with S = 6oli + K ( II ) 3/2 + R(6o,11). 

A straightforward calculation shows that  the generating function transforms 

according to the formula 

(9) k~*(I d6) - I d6 = d(h o ~ + H - H o ko). 

On the other hand, we can write the left hand side as 

11 d01 - Io dOo = (-01 dI1 - Io dOo) + (01 dlrl -F I1 d01) 

- 

= dS*. 

From this we conclude that  

- h  o (I) = H - H o qJ - S* + const. 
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Summed over a closed orbit, the term H - H o k~ adds to zero, so (8) yields 

1 E - S *  + const. 
l l(gmn) = n n 

g m n  

Since 
OR 

S* = (K(I)3/2) * + I - ~  - R 

has the same Taylor series as the boundary point as (K(I)3/2) *, which coincides 
1 

o n  ~l × C with (a*)* = a, we see that  ~ l(gmn) has the same Taylor series for 

n --+ oo as - a .  Loosely speaking, all closed geodesics become minimal as they 

approach Oft. More precisely, 

l ( g . , n )  = + c m k n  - 2 k  

k > l  

where 
m 2 k + l  

(10) C m k  - -  - -  a(2k÷l)(0) .  
(2k + 1)! 

The formula shows that  the asymptotics of the length spectrum are completely 

determined by the Taylor coefficients of the mean minimal action, and vice versa. 

Another application of Theorem 4.1 concerns regions in 12 which are free of 

convex caustics. Gutkin and Katok gave estimates for their area in terms of the 

geometry of ft. In particular, they proved [GK, Prop. 1.3] that  a convex caustic 

c,~ cannot lie too far from the boundary: 

max d(P, 012) < x/diam ft-  Q(co~). 
PEc~ 

Surprisingly, the bound on the right hand side has an MLS-invariant interpreta- 

tion: 

(11) maxd(P,  Of~) < J - a ( 1 )  • a*(a ' (w)) .  
PEc,~ v 2 

We can formulate the following result. 

PROPOSITION 4.8: Suppose 12s is a continuous deformation of strictly convex 

domains such that £(~8) = E(~o). Then, for a fixed rotation number w, every 

convex caustic co~(s) in ~ is contained in a strip around 0 ~  of fixed width 

X / - a ( 1 / 2 ) .  a*(a ' (w)) .  | 

Finally, we point out that  the mean minimal action is actually invariant under 

arbi trary symplectic coordinate changes in the phase space. For, by (9), the 

actions of periodic orbits are symplectically invariant, and they determine a. 
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5. S p e c t r a l  inva r i an t s  

As already mentioned in the introduction, there is a relation between the length 

spectrum £(f~) of a strictly convex domain and the spectrum of the Laplacian 

with Dirichlet boundary conditions: 

j ' A u = ~ 2 u  i n f ' ,  (12) [ u = 0 on c9~. 

Namely, due to a Poisson relation for compact Riemannian manifolds with 

geometrically convex boundary [GM], the expression 

cosat 
x~espec/x 

is well defined as a distribution, which is smooth away from E(f~) [AM]. More 

precisely, if T > 0 is in the singular support of a then T lies in the length 

spectrum of fL 

Conversely, whether some given T C E(~t) belongs to the singular support of a 

depends on possible cancellations of singularities stemming from different closed 

geodesics of the same length. It is known [GM] that T E sing.supp, a if there 

is exactly one closed geodesic of length T, whose Poinar6 map does not have an 

eigenvalue 1. Marvizi and Melrose [MM] showed that a much weaker noncoin- 

cidence condition on ~ suffices to conclude that almost all maximal lengths of 

geodesics having rotation number 1/n lie in sing.supp, a. Popov [Po] generalized 

this to geodesics of rotation number m/n with m > 1, provided (m, n) is "near" 

the Cantor set described in (5). In particular, that noncoincidence condition is 

satisfied by all curvature functions in a Cl-neighbourhood of the constants. 

Thus, the values a(1/n), respectively a(m/n),  with sufficiently large n are 

spectral invariants of the domain. This is also true for the coefficients clk in 

(10), and hence for the Taylor coefficients of - a  at 0. Therefore we can state the 

following result, which is an analogue of [MM, Thm. 7.4]. 

THEOREM 5.1: Suppose fl C R 2 is a strictly convex domain with unit boundary 

length, such that 1 is not a limit point of lengths of closed geodesics having fixed 

rotation number m /n  with m > 1. Then the Taylor series of the mean minimal 

action at 0 is completely determined by the Dirichlet spectrum (12). 

Applying Popov's more general result, one can show that also the values of a 
on the Cantor set C (and hence all the caustic parameters L(¢) and Q(¢)) are 
spectral invariants under the noncoincidence condition in [Po, (6.1)]. 
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